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1. INTRODUCTION

Let #, denote the class of all projections, i.e., operators which are bounded
and idempotent, mapping the space C[—1, 1] onto the subspace I, of
polynomials of degree < n.

The quality of the approximations obtained from a projection Pe #, is
governed by the inequality

1= Pflle < (L + 1P Eulf),

where E,{(f) is the error of the best approximation of f by elements of /7, .
It is known [4] that there exists P* € 2, such that

[ P* <P

for alt Pe £, . Such a P* is called a minimal projection from the class &, .
Discovering such a projection is, however, very difficult. The complete solu-
tion to this problem, eveii in the case n = 2, remains unknown.

The Fourier—Chebyshev operator S, € &, is defined by

Sof = Y alf1 T, (feCl—1,1), (L1
k=0
where
alfl =2 [ (=R T dr (ki =0,1.0; (1)

T(x) = cos(k arccos x). (1.3

The symbol 3’ denotes the sum with the first term halved.
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For every operator P € &, we have

WPl = op,- (1.4
where
0 =% So+ Sy | (1.5)

(see {2]). Note that (S, + S,) ¢ Z, .
Paszkowski [5, p. 84] gave the exact expression

21+ 1 1 ( e 1 QCk — )=
777 I (” ,; Ok~ D — 2k + D% 2
el n— 4k +3 @k — )=
P R ) (=T ) R r ) ) (1.6)
and the asymptotic form
oy = 7% log 1 4+ O(L). 1.7

In this paper we investigate the subclass 7, (p = 0) of the class &, ,
defined as the set of projections of the form

Pf=S.f+ g ailfla,  (Fe Cl=1, 1)), (1.8)

where g, , ¢ ,..., ¢, Can be arbitrary elements of 17, [3].

Phillips et al. [6] gave a theorem characterizing minimal projections from
the class 7, (see Section 2). o ' ’

In the present paper we give some conditions which are sufficient in order
that an operator P € Z,, be a minimal projection from the class 7, for
some specified values of # and p. These results (see Section 4) were obtained
by application of the theorem of Phillips ef al. mentioned above.

As a by-product we have obtained a lower bound for the norm of an
arbitrary projection P € ,, , which is better than that from (1.4).

2. ResurLts oF PHILLIPS et al.

The Lebesgue function of the operator P € 7, given by (1.8) is the function

4500 = 2 [ | Fm )l =9 dy (—1<x <D, @D
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where Fp(x, y) is defined as

Fplx, y) = Z T(x) Ti(y) + Z X)) T y) (-1 <xy<1). 22

i=1

It is known that
NP =1 4p . (2.3)

The critical set of Ap is the set
crit(dp) = {x € [~ 1, 1] 4p(x) = || 4 |iwc}- )]
Phillips ef al. [6] proved the following.

TreorReM 2.1. In order that Pe Z,, be a minimal projection from ihe
class 7, it is necessary and sufficient that

mec;%f(‘A ) Z W;(X) hl(x) (25)
Jor all choices of wy , wy ..., w, eIl . Here
1
I(x) = L TN — ¥ P sgn Fe(x, y)dy (I =1,2,...,p). (2.6)

It is also known that among the minimal projections from J,, there is a
symmetric projection P such that for fe C[—1,1] and xe[—1, 1] the
equation

(PI)x) = (Pg)(—x)
holds, where g(¢) = f(—t) for £ € [—1, 1]. In other words, we have

- inf [Pl = inf [[Q]

PeT Qe ,,
where 7,,,, denotes the class of all symmetric projections from Z,, .

Tt can be seen that 4, consists of operators defined by formula (1.8) in
which ¢, , ¢, ,..., 4, €I1, are such that

g(—x) = (—D"*"q(x) (=1,2.,p;—1<x<1] @7

(see [3]).

The following theorem results from applying the main theorem from [6].
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THEOREM 2.2. In order that Pe 9,, be a minimal projection from the
class &, it is necessary and sufficient that inequality (2.5) holds for all choices
of wy , Wy ..., w, €11, such that

w(—x) = (=D""w(x) (=12.,p—-1<x<1) (29

3. LEMMAS

Let the function DS’ (n, r = 0, 1,...) be defined by the formula
n+2'—1

DPw) = Y (1 — 27"(k — n),) cos ku, (3.1

where
‘ a.,=a. {(a>0),
=0 (@<0). (3.2)

For r = 0 formula (3.1) defines the well-known Dirichlet kernel

DOw) = f cosku (n=1,0,.). (3.3)

k=0

Five lemmas, which we give in this section, state some important properties
of D{P. ‘

LeMMA 3.1. Form,r =0, 1,... we have

sin 27y sin(n + 2" Y u

(r) .
Dy () = 27(1 — cos u)

(u # 0, 427, +4m,.). (3.4

Proof. First observe that formula (3.1) can be transformed to the form

2'-1 n+1
DPw) =27y Ycos ku.
i =0 k=0

Hence, in view of the identities

m 1 1

, ] sinfm + ) u
S cos i = SR DU
=0

2 sin(u/2)
u +#£ 0, £27, +4m,..),
LA 1 — cos mu
,.=Zl sin(j — D % = S 5nad

formula (3.4) follows. [ -
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Let us denote

o9 =2 11Dl du (o =0,1,..) (3.5
0

Using (3.4) one can easily obtain the equation

o = P G r =1, 2,..), (3.6)
which implies
o =02 (mr=1,2.). (3.7

Obviously, pi? is the Lebesgue constant (norm) of the operator §, defined
by (1.1}. As it is known, the formula

k
2n + 1

p(o) + = Z = tan

. 2n+1 (n=0,1.) (38

holds (see, e.g., [5, p. 75)).
Before we give a formula for p{” (r < 1), analogous to (3.8), observe that if
we represent 7 in the form

n=2%2l+1) Lw=01,..) 39
then in view of (3.6) we have
P = pait ©<w<r),

(] .
= Pyu-rar41 (w > r).

(3.10)

Thus we have to consider the case of # odd only. For r = 1 Geddes and
Mason [1] gave the formula

@ _ 1 Rk 4+ 1=
Py = o zzqutan AT ¥ 4

k=0

(=01, (311

We prove the following.

LEMMA 3.2. Forr=2,3,.. andl =0, 1,... we have

— 2r-1g 4 1
Pt = 277801 — ) (A= — 1)

45 N 1 — 21k — D, (2K + D
+ o Y R

v

k=0

21+2" 1 — 2-r k . )
+ Zs Y gc ) €5

T =1

(3.12)
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where

€ =0 (k = NJd, 3N/d,..., N),
— —2'tan 5"17 (k = 2N/d, 4N/d,..., (d — 1) N/d),
o kg kQq+ D= km
= tan AN (co AN COS 7 1)

k =1,2,..,2]+ 27 k + N/d, 2N/d,..., N),
s=(=Dy, g¢=[N2, N=2+427 41,
(3.13)
and d is the greatest common divisor of the numbers N and q.

Proof. We have to calculate the integral appearing in (3.5). Forn = 2/4-1
( =0, 1,...) the function D{” is positive at 0, and, in view of (3.4), changes the
sign in the interval (0, ) only at the points i=/2"! (i =1, 2,..., 21 — 1),
jm/N (j =1, 2,..., N — 1). Observe that

igm im (ig+ 1)

A7 = -1
N <5 < % i=12.,2 1),
where
q = [N[2™7],
the symbol [x] denoting the integer part of x.
‘Hence
2t (G-Dg+Dm /N
(r) (e—1) (e+1) (7
1 D, (u) du
Z (=D J'(i—ﬂw/z"l » @)
(—Dg+i+Dm/N T
- z 1y DY@ du+ (1) [ DY) du
(¢~ a+5)n /N igm/N

= (— l)q Tzﬂ ( )2(q+1) (&_:2“7_11)__77;_)

+2 i(fl)jl(—(_i_:_l]zf_q—i—i 77) + (_1)q+1[( 21

=),

where

1) = f DD w) dv.
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As, in accordance with (3.1), we have

* sin ku,

1 P 0k —n
1) =5u+ kz_:l l(c )

we obtain the formula

p0 = E o 42 "Y I = 0, Gy

where w, oy, , and B, have the following meanings:

9271

w = Z‘ (—1)ite+n G _—2;-11) 77
I e e MEN R D)

o = 22_ (— )i (sin—(i—i—l—)—”— — (—1)tsin ) (3.16)

271 i

B, = 2.2:' (—1)itesn i (—1) sin G—1 ?V—I_j) kn . (3.17

In the remaining part of the proof we transform the expressions occurring
on the right-hand sides of (3.15)~(3.17).
Observe that the right-hand side of (3.15) may be rewritten in the form

70— (9@ = glN) T (D

21

e RS AUSICE I CE

Hence,
w =0 (g even),

= 2rim (1 — _Z.igvi%_) (g odd). (3.18)

It follows from definition (3.16) that

oy =0 k=2"'mym=1,2,.).
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As we have the identity

= .. . tsinuy — ™t Sin(m -+ 1) u -k ™2 gin my
¢=21 % sin iy == [ —2icosu T 2 , (3.19)
it follows that
Pl ] k
oy == 2(— 1)+t Z (—1)
g1
— p( gy D sinem /27 4 (1) sin(@rt — 1)(frr/27 )

2(1 4+ (—1)2 cos(km/271))

B sin(kr[271)
=1 —{=DH 1 + (—1)? cos(km/271)

(e =1,2,n+2" — 13k 204,27,

Finally we get

" =0 t=1,2,.,]+2-,  (3.20)
% — 1 9 Lyeery ’ .
21‘

Qopg = 2 tans ki

where
s = (—1)%
Let d be the greatest commmon divisor of the numbers N and ¢. Observe

that d is an odd number and that 4 = 1 in the case of ¢ even,
Setting k = AN/d (h = 1, 2,..., d) in (3.17) we obtain

‘)r-l

Binsg = (—1)M Z (—D)itntbash Z (=1 sm AT

Since

27'—-*1

Y (—1Hetbery = 0 (# odd or g even)
=1
== 2t (h even and g odd),
and, in view of (3.19),

; _ (=D?sin(h(2q + 1) 7/2d) — sm(har/Zd)
Z (=1 sin =7 3 cos(hm]2d)
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we get
’ d—1
B(2M+1)N/d =0 (m = 0: 19"-5 3 }s
(3.20a)
Bomn g = —271 tan—n—:l,E (m =1, 2,.., d ; ! )
Let k = hN/d (h = 1, 2,..., d). Making use of the identities
gsin v + tsin(u — v) %
o g g . — " sin((m + 1) v + o) + 772 sin(mu + v)
Z:Gt sin(iu + v) = 1 — 2tcosu + 12 ’

7 sin(iu -+ v) = 3 1=

2
3 ! sin v %(sin(u — v) -+ sin{u -+ v))
=0 .

+ (tm+2 — ~1——’;—t2——) sin(mu -+ v)
1 -
-+ t(§ — tm) sin{im + D u 4+ v)
- %sin((m —u+ v)g fa —2tcosu + ),

we transform in turn the right-hand side of (3.17) to the form

(_tyrsin G4+ Dkr o QG—1g+1kn
Y (~T)erD 2N 2N
= 2 cos X7
2N
10 e o Qg+ Dk
- (—1)Ha+D g M T 1) KT
COS _I_C."l Z‘O 2N
2N

(—1)7sin kg (cos f27g + 1) = o kﬂ)

(=D N IN TSN
cos _-’2‘; 2(1 4 (—1) cos k;{,”)

Here the symbol 3" denotes the sum with the first and the last terms halved.
Thus we obtain the formula
1 kg

—_— 8
Pr =5 tan’ 55

kQ2q + ) = km kar
(cos 3N — .COS W)/cos >N (3.21)

Formula (3.12) results from substituting (3.18)-(3.21) into (3.14). §
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Values of p{? for r =0, 1,..., 5 and for various n were computed via
formulas (3.8), (3.10)~(3.12) and are listed in the Table I. The last column
contains values of ¢, defined by (1.6).

TABLE I
n py” P P e oy P on
1 1.436 1.273 1.144 1.074 1.037 1.019 1.000
2 1.642 1.436 1.273 1.144 1.074 1.037 1.028
3 1.778 1.552 1.357 1.126 1.065 1.035 1.069
4 1.880 1.642 1.436 1.273 1.144 1.074 1.104
5 1.961 1.716 1.495 1.316 1.122 1.058 1.135
6 2.029 1.778 1.552 1.357 1.126 1.065 1.162
7 2.087 1.832 1.598 1.348 1.153 - 1.087 1.186
8 2.138 1.880 1.642 1.436 1.273 1.144 1.208
9 2.183 1.923 1.680 1.466 1.295 1.106 1.227
10 2.223 1.961 1.716 1.495 1.316 1.122 1.245
11 2.260 1.997 1.747 1.495 1.308 1.129 1.261
12 2.294 2.029 1.778 1.552 1.357: 1.126 1.276
13 2325 2.059 1.806 1.575 1.325 1.149 1.291
14 2.354 2.087 1.832 1.598 1.348 1.153 1.304
15 2.381 2.113 1.856 1.601 1.352 1.165 1.316
16 2.406 2.138 1.880 1.642 1.436 1.273 1.328
17 2430 2.161 1.902 1.661 1.451 1.284 1.339
18 2.453 2.183 1.923 1.680 1.466 1.295 1.349
19 2474 2.204 1.942 1.685 1.464 1.289 1.359
20 2.494 2.223 1.961 ©1.716 1.495 1.316 1.369
32 2.681 2.406 2.138 1.880 1.642 1.436 1.458
48 2.843 2.567 2.294 2.029 1.778 1.552" 1.536
64 2.959 2.681 2.406 2,138 1.880 1.642 1.593
80 3.049 2.770 2.494 2.223 1.961 1.716 1.637
256 3.518 3.238 2.959 2.681 2.406 2.138 1.870
Let us define
Ve = f cos(n + 1) u sgn D) du
0
(nr=01,..:1=12.,2"—1). (3.22)
LemMMA 3.3. Forn =2Ym (m, r = 1, 2,...) we have

Yurr = 0 (¢=12,..,2r— 1) (3.23)

Proof. Let us denote the integrand from the right-hand side of (3.22) by
H(u) (n, r fixed), i.e.,

Hy(u) = cos(n + 1) u sgn D (u)

(=12..2 —1).
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It can be deduced from (3.4) that

sgn D (u) = sgn(sin 27 - sin 2" Ym + 1) u).
Let [ be any number from the set 1, 2,..., 27 — 1. Representing /in the form
1 =252t + 1),

where 0 <<s <<r — 1,0 ¢ <2751 — 1, and using the fact that the func-
tion A, has a period equal to #/25-1, we obtain the equation

/2571

Yoy = 251 f Hyw) du.
¢
In view of the equality
Hym|2s —u) = —Hfw2s +u) (0 < u < =/29),

the above integral vanishes. J
The last two lemmas show the connection of the functions DY’ with

projection operators discussed in preceding sections.

Lemma 3.4. Let P€T,, be defined by (1.8) for n =2""'m, p =27 — 1
(m, r =1, 2,.), and for q, , 4y »..., qp €I, such that

g() =1—2-"1 (I=12..,p). (3.24)

Then we have
Fy(1, cos 1) = DP(w), (3.25)
Ap(1) = p2, (3.26)

the notation being that of (2.1), (2.2), (3.1}, and (3.5).

Proof. In accordance with (2.2) we have the formula

Fy

Foloy) = S Te) + 3 (1 = 1277) Tl ),
k=0

=1

where we used (3.24). Equation (3.25) follows from this formula by sub-
stituting y = cos u, and comparing the resulting expression on the right-
hand side with definition (3.1).
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Equation (3.26) can be easily derived from (2.1), (3.25), (3.5), and (3.6):

A3y =2 [ 1EL 9 A = ) dy = 2 [ DY) d

(
=l

LemMA 3.5. Let PeJ,, be a symmetric projection defined by (1.8) for

n=2m+ty,p=2—24+8—v(m=12,.;r=2,3,..;8,v=0,1),
and for ¢y , qy .-, g, €11, , satisfying (2.7) and such that

4 0) = (=DWA(1 =227 {I =1 2., [(p + w2} (327

Then we have

F» (0, sin 5) = Dfi ), (3.28)
2 ‘
Ap(0) = pr?. (3.29)

Proof. Tt follows from (2.7) that

q2l+l"](0) = 0 {l = 19 25“" [(p + V)/2]}.
Formula (2.2) implies the equation

[n/2] [{p+v) /2]
Fp0,9) = 3/ (=D To(») + Y g0 Tt ().
k=0 =1

Substitution of y = sin(u/2){= cos((7w — u)/2)} yields the equality

[n/el [(p+v) /2]

Fy (0, sin %) = Y cosku+ Y (1 —2)cos([n/2] + 1) u,
=1 .

k=0
where we used assumption (3.27). The right-hand side of the above formula is

Dfi3)(w) (see (3.1)). Relation (3.28) is proved.
Formula (3.29) follows easily from (2.1), (3.28), (3.5), and (3.6):

450 = 2 [ 150,01 = dy = [ Dl d

(r—1) )
= P[:z/;] = Pm - |



POLYNOMIAL PROJECTIONS 325
4. THEOREMS
Now, we are able to prove the following.
ToueoreM 4.1. Let r =1, 2,... and let M, denote the smallest natural
number such that the inequality
pir. = o, 4.

holds, where N, = 2"-*M, , and the notation used is that of (3.11) and (1.5).
Let PeZ,, be an operator defined by (1.8) for n =2""'m, p =27 — 1
m=M,, M, + 1,..; r =1, 2,..), and for q,, 43,-.., ¢ 11, , satisfying
(3.24). If' 1 e crit(A,) then P is a minimal projection from 7, and has the norm

| Pl = p. 4.2

Proof. The sequences o, and p{" are monotonically increasing. Comparing
the asymptotic formula

Pl = X logm + O(1) 4.3)

(see [1]) and
2r — 2

v

fog 2 + O(1) (4.4

2 1
Tor—ly, = ‘73 IOg m —
i

(cf. (1.7)) we see that for r fixed and for m sufficiently large we have
o = gy, . (4.5)

Thus, for r = 1, 2,... there exists the number M, defined above.
We show that for an operator P €7, satisfying the assumptions of the
theorem the equation

) =0 (=1,2,..p (4.6)

holds, where 7, is the function defined by (2.6). By virtue of Theorem 2.1 it
follows then that P is a minimal projection from 7, .

In order to prove relation (4.6) observe that we have, in view of (2.6},
{(3.25), and (3.22),

1
(1) = [ Toly) sen Foll, )1 =y dy
= fﬂ cos(n -+ 1) u sgn D) du = v, ((=1,2,..,p)
1]

Hence, by virtue of Lemma 3.3, Eq. (4.6) follows.
Formula (4.2) follows from (2.3), (2.4), and (3.26). §
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Remark 1. The inspection of Table T given in Section 3 shows that

M, =M, =M; =M, =1,
M, = 3.

It seems that the sequence M, increases rather fast. For instance we have
MG _ 8.

Remark 2. 1t is clear that for m < M, the thesis of the theorem fails,
asin this case we have || P|| = p$) < o, , which is, in view of (1.4), impossible.

Remark 3. Tn [3] we have considered the projection C, € Z,; given by
Cn = Sn + (1/27[) an+1['] Un—l > (4‘7)

where U, _y(x) == sin nufsin u (x = cos u). Here g(1) = (1/2n) U,_4(1) = %,
which means that Eq. (3.24) is satisfied.

We have established numerically that 1€ crit(4¢ ) for n =1, 2, 3. The
calculations carried out by Phillips ef al. [6] confirm this result.

Using the above theorem we conclude that C, is a minimal operator from
Imforn=1,2,3.

Obviously, we have

COROLLARY 4.1. For n=2""m and p=2"—1 Im=M,, M, ,,...;
r=1,2,..) we have

: _ W
»3f, A1) = pn’
The next theorem of this section is related to symmetric projections.

THEOREM 4.2. Let

M, = M, (V = 0)
(r=2,3,.,) (4.8)

— M, =1

where M., is defined as in Theorem 4.1, and M, is the smalllest natural number
such that

pa, = on, (N =27 M+ 1).
Let Pe F,, be a symmetric projection given by (1.8) for n = 2""'m + v,
p=24+0—v—-2m=M, , M, +1,...;r=23..,06,v=0,1), and
Jor g1, 4a s, qp €11, , satisfying cAonditions (2.7) and (3.27). If 0 e crit(p)
then P is a minimal projection from 7, and has the norm given by formula (4.2).
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Proof. The asymptotic forms (4.3) and (4.4) imply that for m sufficiently
large we have ‘
Pa(i) Z Gy ly g

(r being fixed). This means that M, , defined in the theorem, actually exists
foranyr =2, 3,....
Using definition (2.6) and Lemmas 3.5 (Eq. (3.28)) and 3.3 we derive

1
b = [ Tusarny) sgn Fo(0, 5)(1 ~ %)% dy

(r—1)

= J;) COS([}’L/Z] + l) i“Sgn D[n/?}(u) du = Yin/elr—1,1 = 0
(=12..,10p+ »2D.

Let wy , Wy ,..., w, € I, satisfy (2.7). Then we have

» [(p+v) 72]
Yowd0) A 0) = 3wy o(0) Ay 0) =0,
i=1 =1

and, by virtue of Theorem 2.2, P is a minimal projection from 7, .
In view of (2.3), (2.4), and Lemma 3.5 (formula (3.29)) we have

1Pl = 40 = py. &
Remark 4. The calculations performed show that
M,=M, (r=12,..,06).

CorOLLARY 4.2, Forn =2"'m+vandp =2"+8 —v—2(m = M,,,
M, +1,.;r=2,3,.;08v=0,1) we have

inf 40(0) = pyr.

[24=
As a simple consequence of Corollaries 4.1 and 4.2 we obtain the following.
THeorem 4.3. If Pe9,,, for either n=1, 2,... and p=1 or n =
2 Ym+v and p=2"4+8—~v—-2 (m=M, M, +1,..;r=23..;
8, v =0, 1), then P satisfies the inequality

[Pl =pd (p=1),
=p  (p>1.

640/27/4-3
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